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Summary

The generalized sampling expansion, introduced by Papoulis, facilitates the reconstruction of a bandlimited signal that has been sampled at a rate slower than the Nyquist rate - provided that additional
information about the signal is available in the form of the sampled outputs of known linear systems
with the original signal at their input. In this work, the generalized sampling expansion, originally
developed for time-domain signals, is formulated for functions over the sphere, using the spherical
harmonics transform. The paper presents the theory of the new expansion that has been developed
for the equal-angle sampling scheme. In the second part of the paper, the theory is applied to the
design of an ecient dual-sphere microphone-array. A known problem, when sampling sound elds
using an open-sphere microphone-array, is the ill-conditioning at specic frequencies due to the nulls
of the spherical Bessel function. To overcome this problem, a dual-sphere design, which requires twice
as many microphones compared to a single-sphere design, has previously been proposed. Applying
the generalized sampling theory developed here, it is shown that a dual-sphere design with half the
number of samples at each sphere can replace a single sphere, but only if the two spheres are rotated
relative to each other in a specic manner. Reconstruction of the sound pressure on the sphere is
then possible without increasing the total number of microphones, while at the same time countering
the eect of the nulls.
PACS no. 43.60.Fg, 43.55.Mc

1. Introduction

A common method used to describe sound elds is
to express the amplitude of a sound eld using the

Spherical microphone-arrays are useful for many ap-

spherical harmonics representation. However, for the

plications, such as directivity measurement of musical

case where the radius and the wave-number give rise

instruments [1], calculating the directional impulse re-

to nodes in the radial function, e.g. open-sphere con-

sponse of rooms in order to study the acoustic perfor-

guration [2] the directivity information cannot be

mance of auditoria [2] and spatial recording for 3D

computed by sampling. One way to overcome this

sound reproduction purposes [3]. For obvious practi-

problem is to use a dual-sphere conguration [5],

cal reasons, when measuring a sound eld on a sphere,

where two sphere are employed in order to avoid such

the eld is sampled using a nite number of micro-

nodes. This method is based on selecting one of the

phones. Driscoll and Healy [4] presented the sampling

two spheres such that the amplitude of the radial func-

theory on a sphere and showed that, similar to the

tion is maximized for each wave number.

Shannon sampling theory in a Cartesian coordinate
system, a function on a sphere can be perfectly recon-

The dual-sphere method increases the robustness

structed if the maximum spectral order is lower than

of an array as its capability of sampling and recon-

a specied limit, which is determined by the number

struction of functions with wave-numbers that give

and the location of the samples.

rise to nodes when using the single sphere method.
However, the maximum spectral order that can be
sampled without error does not increase, despite the
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This paper proposes an ecient dual-sphere
method that requires the same number of microphone
as a single-sphere method. Firstly, in order to support
the reasoning of the new method, the theory of generalized sampling developed in this paper for functions
on the sphere is introduced. The well known sampling
theorem introduced by Shannon states that in order
to reconstruct a band-limited function it should be
sampled at a rate higher than the Nyquist rate [6].
Papoulis [7] presented the generalized sampling expansion, showing that a band-limited function is reconstructable from V linear, time invariant (LTI) systems that are each sampled at 1/V the Nyquist rate.
The theory shows that in order to increase the maximum spectral order of a function that can be sampled
without error, one sphere should be rotated relative
to the other.
The proposed methods works well for equal-angle
and Gaussian sampling schemes, which are widely
used schemes in room acoustics applications [8].
2. Sampling and aliasing in Spherical
Coordinate Systems

In this section, two topics that are important to the
work presented in this paper are reviewed; i) linear
systems and ii) sampling and aliasing in spherical
coordinates systems. Then, generalized sampling for
functions on the sphere is introduced.
2.1. Linear systems in Spherical Coordinates

The standard spherical coordinate system (r, θ, φ) dened in [9], and the Fourier transform on a sphere as
dened in [4] read:
p(θ, φ) =

∞


(1)

pq Yq (θ, φ)

q=0


pq =



π
θ=0

2π
φ=0

∗

p(θ, φ)Yq (θ, φ) sin(θ)dφdθ

(2)

where Yq (θ, φ) are the spherical harmonics dened in
[4] and q = n2 + n + m, where n is the order and
m is the degree of the spherical harmonics. The use
of a single index q rather than the more conventional
indexes n and m is chosen for notation simplicity. The
summation in (1) denotes a double summation for n =
0, ..., ∞ and for −n <= m <= n.
If there exists an integer Q such that ∀q ≥ Q, pq =
0, the function is called order limited. The innite sum
in equation (1) for order-limited functions reduces to:
p(θ, φ) =

Q−1

q=0

pq Yq (θ, φ)

(3)

We will refer to a linear system as an operator H
acting on order-limited signals on a sphere of order Q,

2222

2
2
H : L2 (SQ
) → L2 (SQ
), where the following relation
between the input p and the output g is satised

g = Hp → gq =

Q−1


(4)

hqq pq

q  =0

Equation (4) can be represented in a matrix form
(5)

g = Hp

where p and g are Q × 1 vectors of coecients pq and
gq respectively and H is a Q × Q matrix of coecients
hqq .
There are several types of systems which can be
represented in the above form. Driscoll and Healy [4]
proved that spherical convolution of a function in S 2
acting on another functions in S 2 can be represented
in the spherical harmonics domain as a system in
which matrix H in (5) is diagonal. Healy et al. [10]
showed that the rotation of a function can be represented as a system in which H is block diagonal.
In [11] the translation operation is developed, deriving the formula of a translation matrix H having the
same from as in (5).


2.2. Sampling and Aliasing in spherical coordinates

The sampling of functions on a the sphere is investigated by Driscoll and Healy [4]. A function on a
sphere is reconstructed from a set of sampling point
p(θl , φl ), l = 0...L − 1 [8]
p̂q =

L−1


αl p(θl , φl )Yq∗ (θl , φl )

(6)

l=0

where αl are the quadrature weights determined by
the sampling scheme and are chosen such that for a
function of order Q smaller than the limit imposed by
the sampling schemes, the reconstruction is exact, i.e.
p̂q = pq ∀q < Q. Three common sampling schemes are
the equiangular, Gaussian and nearly uniform sampling [5]. An equiangular sampling scheme of order N
is dened by the set of point p(θk , φj ) where
θk = πk/2(N + 1), k = 0, ..., 2N + 1

(7a)

φj = 2πj/2(N + 1), j = 0, ..., 2N + 1

(7b)

Thus for a sampling conguration of order N the number of sampling points is 4(N + 1)2 . In order to reconstruct an order-limited function on a sphere, all
coecients pq , q = 0, ..., Q − 1 are required to be computed. Substituting (3) in (6) yields
p̂q =

Q−1

q  =0

pq

L−1


αl Yq (θl , φl )Yq∗ (θl , φl )

(8)

l=0
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If the summation on the right-hand-side of (8)
equals to

δqq

then

p̂q = pq

and thus the function

H1

g1

B1

H2

g2

B2

can be fully reconstructed. However, when the func-

Q

tion order

is larger than the limit imposed by the

sampling scheme then

pq

p̂q

is generally dierent from

due to aliasing. The relation between the original

+

pq and the reconstructed coecients can
be written in a matrix form:

coecients

p̂ = Ap

..
.

(9)

p̂ is the reconstructed coecient vectors
T
p̂0 , . . . , p̂Q−1 , p is the original coecients vector
T

p0 , . . . , pQ−1 and A is the matrix determining the

p̃(θ, φ)

p(θ, φ)
..
.

HV

gV

BV

where



Figure 1. Generalized sampling and reconstruction diagram in spherical harmonics

linear relation between the two vectors, which using
(8) equals to

Matrix

Aqq =

L−1


the coecients

αl Yq (θl , φl )Yq∗ (θl , φl )

and

p̂ = p.

A

is the identity matrix of size

However, when the sampled func-

not be reconstructed using a single system. A possible
v
way to overcome the rank deciency of matrix AH
involves concatenation of equation (10) for all

⎤ ⎡
⎤
ĝ1
AH1
⎢ ĝ2 ⎥ ⎢ AH2 ⎥
⎢ ⎥ ⎢
⎥
⎢ .. ⎥ = ⎢ .. ⎥ p = AHp
⎣ . ⎦ ⎣ . ⎦
AHV
ĝV

sampling scheme, the reconstructed coecients dier
from the original ones. It seems that the eect of aliasing can be corrected by multiplying

A.

p̂

v:

⎡

tion is of order higher than the limit imposed by the

of

can be computed by solving (10).
AHv are

generally linearly dependent so that the function can

and is referred to as the aliasing matrix. When the re-

Q × Q,

is square, and thus if it has full rank

pq

However, due to aliasing, the rows of matrix

l=0

construction is exact,

AHv

by the inverse

Unfortunately, as shown in the appendix, when

(11)

the function is of an order higher than the order imposed by the sampling scheme the matrix is singular
due to aliasing.

If

2.3. Generalized Sampling Expansion in
Spherical Coordinates
by Papoulis [7], facilitates the reconstruction of a
of V
1/V

f (t),

by sampling the outputs

LTI systems with input

f (t)

at a rate that is

the Nyquist rate. Two common examples pro-

vided by Papoulis are i) a scheme where the function
and the rst

V − 1 derivatives are given at every sam-

pling point and ii) a series of delayed systems. For
a detailed study of the GSE in Cartesian coordinate
system, the reader is referred to [7, 12].
We now use sections 2.1 and 2.2 in order to derive the GSE in spherical coordinates. A diagram of
the suggested reconstruction scheme is presented in

p(θ, φ) with spherical coecients pq is the input to a series of V linear
v
systems with spherical coecients hqq  . These functions are then sampled, and the original function f is
v
nally reconstructed using a series of postlters B ,
v
v = 1, ..., V . Let gq be the output of the v -th linear

gure 1. An order-limited function

system in the spherical harmonics domain as given by
equation (4). The sampling process can now be written in the spherical harmonics domain, by combining
(5) and (9), as

ĝv = AHv p

has full rank, then the postlters can be

B = [AH]†

The generalized sampling expansion (GSE) developed
band-limited function

AH

calculated using the pseudo inverse operator:
(12)

which solves the overdetermined system in a least
squares sense. Computation of the exact number of
systems

V

required in order to solve (11) is be-

yond the scope of this paper and may be application-

V Qs ≥
is the maxi-

dependent. However, a lower bound is given by

Q,

where

Q

is the function order and

Qs

mum order which can be sampled without error with
one system alone.

3. Ecient Dual-Sphere Design
3.1. The Dual-Sphere Array Conguration
The theory of sampling of functions on the sphere has
been employed in the design of spherical microphone
arrays for the analysis of measured sound elds in
auditoria. One of the sampling schemes proposed is
referred to as the dual-sphere method [2].
The so-called dual-sphere method is a sampling
scheme in which microphones are placed at the surface of two spheres of dierent radii using the same
sampling conguration, as illustrated in gure 2. The
purpose of this scheme is to overcome the numerical
ill-conditioning at wave numbers that correspond to

(10)
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3.2. Generalized Sampling Expansion for the
Dual-Sphere Conguration
We now apply the GSE presented in section 2.3 for the
dual sphere conguration, considering each sphere as

a separate linear system. Let cq be a set of coecients
of an order-limited function such that cq = 0 ∀q ≥ Q.
(14) states that

pq = jn (kr)cq , hence, the spheres can
hqq =

be represented as a scaling linear system with

δqq jn (kr),

and the theory developed in section 2.3

can be used for this case.
However, for this case, matrix

[AH]

would not be

of full rank when applying the GSE. This is due the
following: if we assume that the matrix

AH1

is not

of full rank due to aliasing, then there are at least
two columns which are linearly dependent. For exam-

Figure 2. The dual sphere conguration.

ple, consider an equiangular sampling conguration
of

sound eld in three-dimensions. When all sources in
the sound eld are located outside an open sphere
of radius

r

centered at the origin of a spherical co-

ordinate system, than the solution for the Helmholtz
equation is given by [13]

p(kr, θ, φ) =

∞


Q = 0 and a function of order Q = 4, with a wave
k such that kr1 = 1.528. Such a sampling

number

scheme is designed to sample functions of order zero

Y0 ) while the sampled function is of
Q = 4 (i.e Y0 to Y3 , monopoles and dipoles) and
1
dipoles, so that aliasing is expected. Matrix AH for

(i.e composed of
order

this case is

cq jn (kr)Yq (θ, φ)

⎤
0.65 0
0
0
⎢ 0 0.3 0 −0.3 ⎥
⎥
AH1 = ⎢
⎣ 0
0 0.6 0 ⎦
0 −0.3 0 0.3

(13)

q=0

where jn (kr) are the spherical Bessel functions and n
q . Using (2),

is the spherical order corresponding to
the spherical coecients

cq

can be computed

One can easily see that the second column is equal to
the forth column times minus one due to aliasing, so

(14)

cq

cannot be reconstructed by solving (10). The solution

AH2 to AH1 . Howkr = 1.9 reveals that

suggested is the concatenation of

cq

can be

pq , which in turn can be computed
p using (6). However, for certain kr
such that jn (kr) is zero or relatively small, numerical inaccuracies may occur in the computation of cq .
computed from

ever, examining

AH2

is

AH

2

for, say

⎤
0.5 0
0
0
⎢ 0 0.32 0 −0.32 ⎥
⎥
AH2 = ⎢
⎣ 0
0 0.64 0 ⎦
0 −0.32 0 0.32

from samples of

One possible solution to this problem involves the use
of samples covering the surface of two spheres, with

⎡

(16)

AH2

dierent radii, such that for every wave-number in
the operating range of thee system, the value of

cq

It is evident that the second column of

to the forth column times minus one, so that after con-

is calculated using data measured at the sphere that

catenating the matrix is still rank decient and hence

exhibits the best condition number at the given wave-

the function cannot be reconstructed. It is worth not-

number. Balmages and Rafaely [5] showed that a ratio

ing that adding more spheres would not increase the

of about

maximum order which can be sampled without alias-

1.2

between the radii of the two spheres is

near optimal for a wide range of arrays in terms of
the condition number.

is equal

ing.
The reason for the rank deciency is now explained:

Although the dual-sphere method overcomes the

as proved in the appendix (and can be seen clearly

problem of reduced robustness due to the nulls of

in the last example) for equiangular sampling the

the radial function, it does require twice as many microphones (or sampling points) as compared to the
single-sphere method. Next, we show how the GSE
can be employed in order to increase the eciency of
the dual-sphere method by eectively combining the
information obtained from the two spheres, while using half the number of samples.

2224

(15)

that the matrix is singular. Therefore, coecients

pq
cq =
jn (kr)
Equation (14) shows that the coecients

⎡

A corresponding to q = (n, m) = (n, N +
1) equals to the (n, −N −1) column times (−1)N +1 . In
addition, matrix H1 is diagonal with elements jn (kr1 )
independent of m, so the columns corresponding to
(n, N + 1) and to (n, −N − 1) are both multiplied
with the same value. As for H2 , the relation between
the two columns is similar, multiplied with jn (kr2 ),
columns in
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so that after concatenating these columns remain lin-

3

10

early dependent.
In conclusion, the dual-sphere conguration is not
ecient in terms of the number of samples. Furthermore spheres with dierent radii would not increase
the maximum order that can be sampled without
aliasing.

2

cond (AH)

more, the above development shows that employing

10

1

10

3.3. Ecient Dual-Sphere Conguration
A more ecient way to maximum the order in terms of
the number of microphones for the dual-sphere sampling method is now suggested. As mentioned, a con-

0

10

0

1

2

3

β

sequence of the GSE framework is that the maximum
spherical order which can be sampled does not increase when employing more systems, if these system
show similar behavior along

m

for a given value of

n.

Therefore, in order to achieve a higher spatial resolution one sphere is rotated relative to the other so that
the system show dierent behavior along

m

4

5

6

7

Figure 3. Condition number as a function of rotation about
the x axis for the dual sphere, sampled with equiangular
scheme. Minimum condition number is achieved at β =
π/2, 3π/2.

due to

the rotation operation. This way the two spheres can

and, simultaneously, in order to increase the array or-

be represented as two linear systems, one with a ra-

der. The increased order is achieved only when one of

dius r1 , while the other has a radius r2 and is rotated
relative to the rst. The coecients hqq  for the ro-

the two spheres is rotated relative to the other.

tated system are

Appendix

Dqq (α, β, γ)

and are the Wigner-D

functions dened in [4], where

are the Euler

(α, β, γ)

angles at which the is sphere rotated.
Analysis of the Wigner-D functions reveals that in
order to increase the maximum order which can be
computed the angle

β

must not be zero or

π.

Simu-

lation results, presented in gure 3, showed that for

α = γ = 0, the best
condition number is achieved for π/2 and 3π/2, while
for 0, π the matrix [AH] is rank decient so p could

a rotation about the x-axis, i.e.

not be computed.
Another way to increase the maximum order which
can be sampled is mentioned. As showed in the appendix, the

(n, N + 1)

and the

(n, −N − 1)

columns

are dependent due to the symmetry property of the
equiangular sampling scheme. This is true as well for
the Gaussian sampling scheme, but not for the nearlyuniform sampling scheme. Simulations showed that it
is possible to increase the maximal order that can

We present a short proof which shows that when sampling a function using equiangular sampling with an

+1
N , the reconstructed coecients p̂N
n
−N −1
are equal to p̂n
and hence the aliasing matrix A

array of order

has linearly dependent lines.

The spherical coecients pm
n are notated in this sec(n, m) where q = n2 + n + m.

tion with a double index
The spherical harmonic

Ynm (θ, φ) 
where
is the

(2n + 1) (n − m)! m
P (cos θ)eimφ
4π
(n + m)! n

m
n is the order of the spherical harmonics,
√ Pn (·)
associated Legendre function, and i = −1.

The aliasing matrix dened in section 2.2 for the

Anm,n m

conguration with a nearly-uniform sampling scheme.

= μn,m ηn ,m

4. CONCLUSIONS

2N
+1 2N
+1



= μn,m μn ,m

2N
+1


struction of an aliased function using a series of linear

×

plying the general sampling expansion (GSE) to the

cies due to the nulls of the spherical Bessel function
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2N
+1




ei(m −m)φj

(A1)

j=0

spherical harmonics expansion. Studies of both linear

overcome ill-conditioning eects at specic frequen-



αk Pnm (cos θk )Pnm (cos θk )

k=0

systems within a spherical coordinate system by ap-

plied to the dual sphere sampling method in order to



αk Ynm (θk , φj )Ynm∗ (θk , φj )

j=0

k=0

In this paper we developed the theory of the recon-

monics domain have been presented. The GSE is ap-

is dened by:

equiangular sampling is [4]

be sampled without error when using the dual-sphere

systems and the aliasing eect in the spherical har-

Ynm (θ, φ)

where

μn,m

θk = πk/2(N + 1)

and

φj = 2πj/2(N + 1)

and

is

(2n + 1) (n − m)!
4π
(n + m)!
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The spherical harmonics satises Yn−m = (−1)m Ynm∗ ,
so that for negative m (A1) becomes

[11] B. Rafaely,  Spatial alignment of acoustic sources
based on spherical harmonics radiation analysis, in

International Symposium on Control, Communications and Signal Processing (ISCCSP 2010), Limas-

Anm,n (−m )
= (−1)m

sol, Cyprus, March 2010.

2N
 

[12] K. Cheung,  A multidimensional extension of Pa-



αk Pnm (cos θk )Pnm (cos θk )

poulis' generalized sampling expansion with the ap-

k=0

×

2N


Advanced
Topics in Shannon Sampling and Interpolation Theory, pp. 85119, 1993.
E. G. Williams, Fourier acoustics: sound radiation
and neareld acoustical holography. New York: Acaplication in minimum density sampling,

(A2)



ei(−m −m)φj

j=0

[13]

The function ei(m −m)φ is periodic over m with
a period of 2N + 2. Hence ei(−(N +1)−m)φ =
ei(N +1−m)φ , which, using (A1) and (A2) yields


j

demic Press, 1999, ch. 6.

j

j

(A3)

Anm,n (−N −1) = (−1)N +1 Anm,n (N +1)

This shows that A has linearly dependent columns
when employing a sampling function of order higher
than N , causing erroneous reconstruction of p̂Nn +1 and
−1
p̂−N
.
n
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